We study the dynamics of genuine multipartite entanglement for quantum systems upto four qubits interacting with general collective dephasing process. Using a computable entanglement monotone for multipartite systems, we observe the feature of freezing dynamics of genuine entanglement for three and four qubits entangled states. We compare the dynamics with that of random states and find that most states exibit this feature. We then study the effects of collective dephasing on genuine nonlocality and find out that although quantum states remain genuinely entangled yet their genuine nonlocality is lost in a finite time. We show the sensitivity of asymptotic states being genuinely entangled by mixing white noise.
I. INTRODUCTION
Quantum entanglement and nonlocality are features of quantum world which has attracted lot of interest to develop a theory of its own [1] [2] [3] . Due to growing efforts for an experimental realization of devices utilizing these features, it is essential to study the effects of noisy environments on entanglement and nonlocality. Such studies are an active area of research [4] and several authors have studied decoherence effects on quantum correlations for both bipartite and multipartite systems [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] .
One specific type of noise dominant in experiments on trapped atoms is caused by intensity fluctuations of electromagnetic fields which leads to collective dephasing process. The detrimental effects of collective dephasing noise on entanglement have been studied [17] [18] [19] [20] [21] [22] [23] , however all these previous studies were restricted to a special orientation (z-axes) of the field. Recently, a more general approach has been worked out [24, 25] , where the authors addressed an arbitrary orientation of field. This general approach revealed an interesting feature of its dynamical nature. It was shown by taking a specific two qubits state [24] that certain orientation of field give rise to stationary asymptotic entanglement. Also for multipartite W state, it was found using certain inequalities that asymptotic state is entangled.
In our work, we extend the previous studies to include some other classes of multipartite entangled states. Recent progress in the theory of multipartite entanglement has enabled us to study decoherence effects on actual multipartite entanglement and not on entanglement among bipartitions. In particular, the ability to compute genuine negativity for multipartite systems has eased this task [26] . In addition, in order to better judge the dynamical behaviour of a state, we need to compare its dynamics with dynamics of random states.
Our analysis suggests that freezing entanglement phenomenon is a generic feature of the dynamical process, as almost all states exhibit this phenomenon.
Another concept related to non-classical correlations is quantum nonlocality. This feature says that the predictions made using quantum mechanics cannot be simulated by a local hidden variable model. The presence of nonlocal correlations can be shown via violation of Bell inequalities [27] . The pure entangled states violate a Bell inequality, whereas mixed entangled states may not do so [28] . However, all entangled states do exhibit some kind of hidden nonlocality [29] . The well known Clauser-Horne-Shimony-Holt (CHSH) inequality [30] for two qubits has been studied in the presence of decoherence both in theory [31] , and experimentally [32] . The extension of CHSH inequality for multipartite quantum systems has received considerable attention [33] [34] [35] [36] , however Svetlichny discovered the first method to detect genuine multipartite nonlocality [37] . Violations of some of these inequalities in experiments have also been reported [38, 39] . Several investigations of nonlocality of multipartite quantum states under decoherence have been carried out [40] . We also study the decoherence effects on genuine nonlocality quantified by Svetlichny inequality. We find that although the quantum states might remain genuinely entangled, nevertheless they lose their genuine nonlocality in finite time. This observation is similar to two qubits case where there are instances when the states remain entangled whereas nonlocality is lost in finite time.
This paper is organized as follows. In section II, we briefly describe our physical model and equations of motion. We review concepts of genuine entanglement and genuine nonlocality in section III. We present main results in section IV. Finally we conclude the work in section V.
II. OPEN-SYSTEM DYNAMICS OF MULTI-QUBITS UNDER COLLECTIVE

DEPHASING
In this section, we describe the physical model and equations of motion governing our system of interest. We consider our qubits as atomic two-level systems with energy splitting ω. The splitting is controlled by a homogeneous magetic field. The Hamiltonian for a single atom is given byĤ
where n = n xx + n yŷ + n zẑ is the orientation of magnetic field and σ = σ xx + σ yŷ + σ zẑ is the vector of standard Pauli matrices. This time independent Hamiltonian generates the propagator U ω (t) = e −i Hω t/ = e −i ω t/2 n·σ .
We can introduce a pair of orthogonal projectors
to write the propagtor in terms of them. Let us consider N non-interacting atoms (qubits), so that the propagator for these collection of atoms can be written as [24] U ω (t)
where the operators Θ j are defined as
where N represents the symmetric group and V s are the permutations in operator space of N qubits.
As there are fluctuations in the magetic field strength, the integration over it will induce a probability distribution p(ω) of characteristic energy splitting. Therefore the time evolution of the combined state of N atoms can be written as [24] 
In writing this equation, we have assumed that the field fluctuations occur on time scales which are longer than the times over which the combined state of N atoms evolve under unitary propagator U ω (t) ⊗N . Substituting the above derived format for the unitary propagator, we can write the time evolved state as
where M jk (t) are elements of the Toeplitz matrix M(t), which can be obtained by the relation
, where φ(t) is the characteristic function of the probability distribution p(ω), defined as
It has been demonstrated that time evolution form Eq. (7) is both trace preserving and positivity preserving [24] . This means that the dynamical process is a valid equation of motion.
In order to study the exact behaviour of multipartite quantum states, it is convenient to obtain an exact expression for state ρ(t), in terms of a spectral distribution p(ω) characterizing the fluctuations. As an example, we take the Lorentzian distribution also known as Cauchy distribution, defined as
For standard Cauchy distribution, the characteristic function turns out to be
In this work, we restrict ourselves with upto four qubits. Let us first consider the simplest case of two qubits. The Toeplitz matrix for two qubits with Lorentzian distribution can be obtained straightforwardly as
Here t denotes the usual dimensionless quantity Γt. The operators Θ j for two qubits are given as [25] 
The time evolution of an arbitrary initial state can be obtained straightforwardly. One important and interesting feaure of this dynamics is the observation that in general there are no decoherence free spaces (DFS) in this noisy model except for n = (0, 0, 1) T which is the case mostly studied [17] [18] [19] [20] [21] [22] for bipartite and multipartite systems. For other two special directions n = (1, 0, 0) T and n = (0, 1, 0) T , it may happen that some quantum states are completely invariant. Obviously all entangled states residing in DFS and/or invariant under certain directions of magnetic field maintain their correlation properties.
However, there exist another non-trivial and interesting dynamics which is so called timeinvariant entanglement such that the quantum states are changing at every instance however their entanglement remains constant. Such observation was initially made for qubit-qutrit systems [20] and later on for a specific family which is so called Bell-diagonal states of two qubits [22] . Recently, we have studied this peculier time-invariant entanglement feature for multipartite systems and have shown that genuine entanglement also exhibits this timeinvariant behaviour [23] . However, we noticed that time-invariant entanglement occurs only for special orientation of field, that is, for n = (0, 0, 1) T as an example, where we have decoherence free subspaces.
The more general description of collective dephasing for an arbitrary direction of vector n was worked out only recently [24] . For n other than special orientations mentioned in previous paragraph, there are no decoherence free subspaces but there is another interesting feature of entanglement dynamics which is completely different than time-invariant feature, namely the dynamical freezing of entanglement. It happens that initial quantum states lose their entanglement upto some specific value, and afterwards exhibit frozen dynamics of entanglement whereas the quantum states are changing at every instance. A concrete example was presented for a specific quantum state of two qubits [24] and predictions were made for multipartite quantum states.
We now move to three qubits where the Toeplitz matrix is given as
and the operators Θ j for three qubits are given as
It is straightforward to obtain an analytical expression for the time evolution of an arbitrary initial state of three qubits. However, due to presence of parameters n i , the resulting density matrix is quite cumbersome to present here. One important observation is the fact that the initial states do not preserve their initial form, for an example, the X states do not remain in X form and many other matrix elements become non-zero even they were zero initially.
The Toeplitz matrix and operators for four qubits are simple extension of the above mentioned cases so we do not write their exact form here.
III. GENUINE MULTIPARTITE ENTANGLEMENT AND GENUINE NONLO-CALITY
In this section, we briefly review the basic definitions for genuine multipartite entanglement and genuine nonlocality. We discuss the main ideas by considering three parties A, B, and C, generalization to more parties being straightforward. A state is called separable with respect to some bipartition, say, A|BC, if it is a mixture of product states with respect Genuine entanglement can be detected and characterized [26] by a technique based on positive partial transpose mixtures (PPT mixtures). A two-party state ρ = ijkl ρ ij,kl |i j| ⊗ |k l| is PPT if its partially transposed matrix ρ T A = ijkl ρ ji,kl |i j| ⊗ |k l| is positive semidefinite. The separable states are always PPT [41] and the set of separable states with respect to some partition is therefore contained in a larger set of states which has a positive partial transpose for that bipartition.
Denoting PPT states with respect to fixed bipartition by ρ P P T A|BC , ρ P P T B|CA , and ρ P P T C|AB , we call a state as PPT-mixture if it can be written as
As any biseparable state is a PPT mixture, therefore any state which is not a PPT mixture is guaranteed to be genuinely multipartite entangled. The main advantage of considering PPT mixtures instead of biseparable states comes from the fact that PPT mixtures can be fully characterized by the method of semidefinite programming (SDP), a standard method in convex optimization [42] . Generally the set of PPT mixtures is a very good approximation to the set of biseparable states and delivers the best known separability criteria for many cases; however, there are multipartite entangled states which are PPT mixtures [26] . The description of SDP and genuine negativity is described in details in Ref. [26] . In order to quantify genuine entanglement, it was shown [26] that for the following optimization problem min Tr(Wρ) (17) with constraints that for all bipartition M|M
the negative witness expectation value is multipartite entanglement monotone. The constraints just state that the considered operator W is a decomposable entanglement witness for any bipartition. Since this is a semidefinite program, the minimum can be efficiently computed and the optimality of the solution can be certified [42] . We denote this measure by E(ρ) or E-monotone in this paper. For bipartite systems, this monotone is equivalent to negativity [43] . For a system of qubits, this measure is bounded by E(ρ) ≤ 1/2 [44] .
For a brief description of genuine nonlocality, consider that each party can perform a measurement X j with result a j for j = A, B, C. The joint probability distribution P (a A a B a C |X A X B X C ) may exhibit different notions of nonlocality. It may be that it cannot be written in local form as
where λ is a shared local variable. Such nonlocality can be tested by standard Bell inequalities and it can not capture the genuine nonlocality. As an example consider that parties A and B are nonlocally correlated but uncorrelated from party C. It is still possible that P cannot be written as Eq. (19), although the system has no genuine tripartite nonlocality [36] . Genuine nonlocality can be detected if one makes sure that P cannot be written as
that is, P cannot be reproduced by local means even if any two of parties come together and act jointly to produce bipartite nonlocal correlations with probability distribution ρ ij (λ), where ij denotes for all possible partitions. By focusing on the possible that each party j is allowed to two measurements X j and X ′ j with outcomes a j and a
one of possible form of Svetlichny [37] inequality is given as
By associating optimal measurements M (details in next section) with each term [45] , we can write the expectation value of this operator as
It is well known that the n-partite quantum state ρ(t) exibits genuine multipartite nonlocality if | S | > 2 n−1 . Hence for three qubits, the violation of Svetlichny inequality guarantees the presence of genuine tripartite nonlocality. It is interesting to note the similarity of ideas between detecting genuine entanglement and genuine nonlocality.
IV. RESULTS
In this section, we present our main results for various initial states of three and four qubits. Our choice of initial states are defined as
where 0 ≤ α ≤ 1, |Ψ can be any genuine entangled random or specific pure state of three and/or four qubits and I N 2 is the identity matrix for N qubits with dimension N 2 . We are interested in several families of states in this work. Two important families of states, namely the GHZ states and the W states for N qubits are given as 
respectively. All these states are maximally entangled with respect to multipartite negativity,
These states along with their properties are discussed in Ref. [2] .
We also study the behaviour of random states which are generated as follows [46] : First, we generate a vector such that both the real and the imaginary parts of the vector elements are Gaussian distributed random numbers with a zero mean and unit variance. Second we normalize the vector. It is easy to prove that the random vectors obtained this way are equally distributed on the unit sphere [46] . We stress that we generate random pure states in the global Hilbert space of three qubits, so the unit sphere is not the Bloch ball.
A. Three qubits
Let us first take mixtures of GHZ and W states in Eq. (23) with α = 0.99. Figure   ( 1) depicts the genuine negativity for these states, where we have taken n = (1, 0, 0) T to obtain these curves. It can be seen that initially entanglement starts decaying for ρ GHZ (t) state, however after a while, it reaches a value of ≈ 0.323 and after that the states exhibits freezing dynamics for genuine entanglement. On the other hand, genuine negativity for similar mixture of W state becomes zero after a short time and does not exhibit such behaviour for this specific direction of magnetic field.
For another choice of n = (2, 1, 1) T / √ 6, we observe quite opposite behaviour of genuine negativity for GHZ and W state. In Figure ( 2) we plot genuine negativity for same mixtures of GHZ and W states by taking α = 0.99. We can see that now GHZ state (black solid curve) looses its genuine negativity at a short time t ≈ 1.9 whereas W state (red dashed line) first looses its entanglement to value ≈ 0.082 and after that exhibits freezing dynamics. In order to check how freezing dynamics of entanglement is effected by white noise, we now increase the percentage of noise from 1% to 5% by setting α = 0.95. In Figure ( 3), we plot genuine negativity for mixtures of W and GHZ states for various settings of n. In Figure (3a) we see that for W states, the increament of white noise has brought the loss of entanglement earlier as expected for n = (1, 0, 0) T , whereas for other two settings of n, we have freezing dynamics. Figure (3b ) results the genuine negativity for GHZ state for three same settings of n. We find that except for n = (1, 0, 0) T , entanglement is lost at finite time and freezing dynamics is again exhibited however at a slight lower value than earlier due to more noise.
Finally, in order to compare the dynamics, we generate some pure random states and mix them with while noise by taking α = 0.95. Figure (4 ) depicts genuine negativity for such random states for two choices of n. We can see that in each case majority of the random states exhibit entanglement freezing phenomenon. Hence it is a generic feature of this particular type of decoherence. We also plot the mean value of genuine negativity in each case denoted by red dashed line. This situation is similar to the special case of current dynamics with n = (0, 0, 1) T where almost every asymptotic state is found to be genuinely entangled due to appearance of decoherence free spaces [21] . However, it is important to note that there are no DFS for current settings of n. It is the property of dynamics that causes this interesting feature of entanglement freezing dynamics for most of the states.
A natural question arises that whether we can analyze the quantum states at infinity.
With current dynamics, due to the fact that lim t→∞ φ(t) = 0, it is possible to check the asymptotic quantum states [24] , and they are given as
However, due to presence of parameters n i , it is quite cumbersome to write the asymptotic density matrix here. Instead, as we have seen from Figures (1 & 2) that either GHZ or W state exhibits freezing dynamics depending upon choice of n, therefore we also analyze these states at infinity. In Figure ( 5), we plot genuine negativity for asymptotic GHZ and W states against parameter α. It is known that ρ GHZ (0) is genuinely entangled iff α ≥ 0.429, whereas for ρ W (0) the limit is α ≥ 0.479. We can see that for all α > 0.56, the asymptotic GHZ states are genuinely entangled, whereas for genuinely entangled asymptotic W states we must have α > 0.86. 
B. Four qubits
In Figure (6 We take α = 0.99. See text for details.
We expect the similar behaviour of random pure states of four qubits mixed with white noise as for three qubits. 
where
Therefore the corresponding operators for three qubits are given as
It turns out that for GHZ 3 state mixed with white noise, the expression for | S | with n = (1, 0, 0) T can be written as
for (θ B + θ C ) = −π/4. It is obvious that for t = 0, we have | S max | ρ GHZ (0) = 4 √ 2 α, the maximum possible violation, whereas for t → ∞, we have | S max | ρ GHZ (∞) = 3.54 α. This value is less than 4 for the range of α. On the other hand the corresponding expression for n = 1/ √ 6 (2, 1, 1) T also involves the sine and cosine terms with argument (θ B + θ C ) = −π/4
for maximum value. The expression is given as
such that at t = 0, we have | S 2 | ρ GHZ (0) = 4 √ 2 α, the maximum possible violation and for t → ∞, we have | S 2 | ρ GHZ (∞) = (5 α)/(54 √ 2), which far below than 4 even for α = 1.
This means that these states lose their nonlocality at a finite time under current model of decoherence.
The measurement operators for W 3 state can be written as
whereθ defined earlier. For W 3 state mixed with white noise, the expression for | S | for n = (1, 0, 0) T can be written as
which is | S | ρ W (0) = 4.3546 α, the maximum violation at t = 0 and | S | ρ W (∞) = 0 for t = ∞. The corresponding expression for n = 1/ √ 6 (2, 1, 1) T is given as
which is | S 2 | ρ W (0) = 4.3546 α, the maximum violation at t = 0 and | S 2 | ρ W (∞) = 0 for t = ∞. Hence the nonlocality of W 3 states turns out to be extremly fragile under collective dephasing.
As discussed in previous section, the genuine nonlocality quantified by Svetlichny inequality come to an end at a finite time for various settings of n, although the states remain genuine entangled. This situation is similar to two qubit case where the nonlocality is lost at a finite time whereas the quantum states remain entangled [22] .
The Svetlichny inequality for four qubits GHZ state mixed with white noise for n = (1, 0, 0) T is given as | S max | ρ GHZ (t) = α (19 + 12 e −2 t + e −4 t )
where we have taken θ B + θ C + θ D = −π/4. At t = 0, we have | S max | ρ GHZ (0) = 8 √ 2 α, the maximum violation, whereas for t → ∞, we have | S max | ρ GHZ (∞) = (19α)/(2 √ 2) < 8. So
we again see that even though the state is genuinely entangled but its genuine nonlocality is lost at finite time. Similarly, the expression for n = (2, 1, 1) T / √ 6, we have | S 2 | max = α (329 + 6440e −t + 2996e −2 t + 3352 e −3 t + 707e
This value is maximum at t = 0 and becomes smaller than 8 at a finite time, means end of genuine nonlocality.
V. DISCUSSIONS AND SUMMARY
We analyzed the dynamics of genuine multipartite entanglement and genuine nonlocality for three and four qubits under general model of collective dephasing. We found that for certain directions of n, entanglement of GHZ 3 and W 3 states first decay upto a certain value and exhibit freezing dynamics afterwards. This is an interesting feature as quantum states are changing but their entanglement is locked to a specific value. We pointed out that entanglement freezing is different feature than time-invariant entanglement. We then studied the dynamics for random pure states mixed with white noise and found that genuine entanglement in most of these states also decay initially to some value and later exhibit stationary entanglement. We also observed this freezing dynamics of entanglement for various four qubits genuine entangled states. On the other hand the genuine nonlocality of these quantum states measured by Svetlichny inequality suffer a finite time end even though the states remain genuine entangled. These observations are similar to such studies for two qubits case. One of the future avenue would be to look for the time-invariant feature for quantum nonlocality.
